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Outline

Specifications:
- Standard DFT

- Fast for large systems => Order-N

- From quick & dirty to highly accurate

Methods:
- Norm-conserving pseudopotentials

- Basis of numerical atomic orbitas

- Uniform real-space grid

- Order-N functional



First principles

•Schrödinger equation

•Coulomb’s law
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Born-Oppenheimer approximation

(2)

 Nuclei are much slower 
than electrons

Decoupling of electrons and nuclei

(1)

𝑚𝑛 ≫ 𝑚𝑒



Density functional theory (DFT)

(r1,…,rN)   1(r1) 2(r2) … N(rN) 

Non-interacting electrons in a self-consistent effective potential



Local density approximation (LDA)

Inhomogeneous gas 
Density (r) Homogeneous gas 

Constant density 
 Energy Vxc( ) 

r

 = (r)

vxc((r))

e-

• Generalized gradient approximation (GGA):  Vxc( (r), (r) )
• Van der Waals xc functionals:  Vxc( (r),(r); (r’),(r’) ) 



Kohn-Sham method

Initial electron density

(r) = atoms atom(r)

Effective electron potential

Veff(r) = Vnuclei(r) + VH[(r)] + Vxc((r))

Schrödinger equation

[ -(1/2) 2 + Veff(r) ] i(r) = Ei i(r) 

i(r) =  ci (r)     H ci = Ei ci

New density

(r) = i | i(r) |
2



Pauli exclusion principle

i

j

i j

Bloch functions

CPU  N3

Wannier functions

CPU  N

න𝜓𝑖 𝑟 𝜓𝑗 𝑟 𝑑3𝑟 = 𝛿𝑖𝑗



Orbital localization


i

Rc
rc

i(r) =  ci (r)



Real spherical harmonics
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NaCl.ORB_INDX file



Basis set convergence

Atom Solid 

SZ 7.3 7.9

DZ 8.4 8.5

TZ 8.5 8.7

SZP 8.6 12.5

DZP 11.9 16.0

TZP 12.5 16.8

TZDP 13.1 17.8

Equivalent PW cutoffs (Ry)

for basis optimized in

J. Junquera et al. Phys. Rev. B, 64, 235111 (2001)



Schrödinger equation

Hi(r) = Eii(r) 

i(r) =  ci (r) 

(H- EiS)ci = 0

H = <  | H |  >

S = <  |  >



Kohn-Sham hamiltonian

H = T + VPS+ VH(r) + Vxc(r)

T = -(1/2) 2

VPS = Vion(r) + Vnl

Vion(r)  - Zval / r       Local pseudopotentiual

Vnl =  |>  <|  Kleinman-Bylander

VH(r) =  dr’ (r’)/|r-r’|   Hartree potential

Vxc(r) = vxc((r))          Exchange & correlation



Long-range potentials

H = T + Vion(r) + Vnl+ VH(r) + Vxc(r)

Long range

dVH(r) = VH[SCF(r)] - VH[atoms(r)]

Vna(r) = Vion(r) + VH[atoms(r)]       Neutral-atom potential

H = T + Vnl + Vna(r) + dVH (r) + Vxc(r)

Two-center

integrals
Grid integrals



Two-center integrals
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Convolution theorem



Grid work

(r)δVδρ(r)

(r)Vρ(r)

(r)ρ(r)ρδρ(r)
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